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Abstract

‘Amorphous’ porous catalysts and catalyst supports have a rough internal surface. Small-angle and wide-angle X-ray
scattering results confirm the original but inconclusive suggestion from adsorption experiments that this surface is often
fractal on molecular scales. Not only does this imply that the accessible surface area depends on the size of the molecules
moving through the pores, but there also exists an accessibility distribution along the surface. Transport and reaction processes
may therefore depend on surface roughness, in a way that can be quantified using fractal geometry.

The effect of fractal surface roughness on Knudsen diffusion is discussed. An analytical expression for the Knudsen
diffusivity is derived and the residence time distribution of the molecules is obtained from Monte-Carlo simulations. The
equations for diffusion and reaction in fractal pores and in porous catalysts with a fractal internal surface are given. Practical
examples – vinyl acetate production and the catalytic reforming of naphtha – illustrate the significant influence of fractal
roughness on product yields and distributions of industrial processes, from the microscale up to the observable reactor scale.
This indicates how conversions and selectivities may be increased by modifying the catalyst surface morphology. ©1999
Elsevier Science B.V. All rights reserved.

1. Introduction

Catalysis is a surface process: molecules react on
the catalyst surface, so that a high specific surface
area is usually desirable. The heterogeneous catalysts
used in many chemical applications are therefore ei-
ther porous materials themselves or they are produced
as tiny particles with a diameter of a few nanometers
that are deposited on a porous support such as alumina
or silica. Crystalline zeolites are finding an increasing
use, yet many common catalysts and catalyst supports
are amorphous.
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Despite the ethymological suggestion from the
name ‘amorphous’ that these materials would be
shapeless, experiments show that they may in fact
contain an internal symmetry, that of statistical scale
invariance of the internal surface. Section 2 will re-
view some of the observations that led to conclude that
this is the case: many porous catalysts have a fractal
internal surface within a certain range of scales.

Just like the translational symmetry of zeolites al-
lows to model physico-chemical phenomena within
their pore network, the fractal nature of the surface of
materials such as certain mesoporous silicas or alumi-
nas may help to model the same phenomena within
their pore space. Section 3 reviews diffusion and re-
action in a single fractal pore, and illustrates the in-
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fluence of the fractal surface morphology on conver-
sion with a practical example: the production of vinyl
acetate from ethylene, acetic acid and oxygen in a pore
of its Pd/Al2O3 catalyst.

Knudsen diffusion is often the limiting transport
mechanism of gas molecules in mesoporous materials.
Since it is a result of collisions of gas molecules with
the pore walls, the effect of the walls’ fractal rough-
ness on Knudsen diffusion should be investigated. This
research is reviewed in Section 4.

Finally, Section 5 studies the effect of surface rough-
ness on the product distributions at the industrial re-
actor scale. Known equations for multicomponent dif-
fusion and reaction within a catalyst pellet are used,
yet the parameters reflect the influence of roughness
on reaction rates and diffusivities. Simulations of an
industrial unit for the catalytic reforming of naphtha
show the fractal effects on partial pressure profiles
within catalyst particles, on reactor profiles, and, ulti-
mately, on the product distributions at the outlet. Con-
sequences for catalyst design are briefly discussed.

As the title already indicates, this paper does not in-
tend to review the vast literature on fractals and porous
media [1–5], but rather focuses on one particular issue:
improving models for diffusion and reaction in porous
catalysts by including the influence of the fractal in-
ternal surface roughness, and illustrating the conse-
quences on processes from the catalyst pore scale up to
the scale of an industrial unit. Many interesting related
problems exist, but cannot be discussed here. Exam-
ples include studies of diffusion and reaction on Bethe
lattices, percolation clusters and pore networks close
to a percolation threshold [6–16]. Especially useful to
design new types of catalysts is the problem of diffu-
sion and reaction in a fractal pore tree [17–22] or on
a fractal network [23–28], because such studies reveal
qualitative deviations from the classical behavior seen
in most existing catalysts. Also diffusion toward and
reaction on the surface of fractal aggregates has been
studied [18–20,29–35] as well as diffusion and reac-
tion in the pore space of fractal materials [31,36–38].

Shortly, the pore space, the catalyst surface or the
catalyst itself may be fractal and each of these assump-
tions leads to different laws. Rocks and other cracked
materials may have a fractal pore network [3]; physi-
ological networks such as a lung may be modeled as
a fractal pore tree [39]; (aero)gels often have a frac-
tal structure [1,40]. Transport and reaction through

their pore networks is an important problem. Only a
fractal surface is considered here, the most frequently
observed case for what are commonly called ‘amor-
phous’ catalysts and supports [41,42].

2. Experimental study of the surface morphology
of porous catalysts

The pore space within an amorphous porous solid
is a labyrinth of narrow tortuous channels with rough
walls. Electron microscopy images reveal a seem-
ingly very irregular surface [10,43,44]. Digitizations
of these images or imitations by randomly stacking
spheres, cylinders or other shapes from Euclidean
geometry have been used as models to study diffu-
sion, flow and reaction by Monte-Carlo simulations
[2,9,10,45–52]. Certain materials (e.g., certain silicas
and titanias) do indeed consist of spherical aggre-
gates, but most of them have entirely different mor-
phologies. Until recently, possible nanometer-scale
roughness was typically ignored, since no obvious
way existed to model it in a simple yet realistic way.
Also, the electron microscopy images used as a ref-
erence do not usually show such high resolutions.
In most models roughness is altogether ignored and
pores are simply represented by cylinders, spheres or
other smooth shapes.

Most of the surface of a porous catalyst or support is
internal. The specific accessible area is typically mea-
sured using nitrogen adsorption. Values found in this
way are extremely high, e.g., 200 m2/g. The question
arises whether such values are absolute or whether
they depend on the use of nitrogen as a probe. Further
insight comes from analyzing results from adsorption
experiments using differently sized molecules. It ap-
pears that the surface areaS accessible to a molecu-
lar species is often not a constant but depends on the
size of the molecules. More particularly, the larger the
molecule, the smaller the accessible surface area.

About 15 years ago, Pfeifer, Avnir and Farin
[41,53,54] made an important observation from the
analysis of many adsorption data published in the lit-
erature: for a large number of porous media, including
many catalysts, the measured surface areaS depends
on the effective diameterδ of the sorbate molecules
according to a simple power law:
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S ∼ δ−a (1)

More precisely, when the data are plotted as logS ver-
sus logδ, a straight line can be fitted, with a slopea

between 0 and 1. Ifa = 0, the surface area does not
depend on the size of the probe. Frequently, however,
a > 0, implying that ‘specific area’ is meaningless
without specifying the resolutionδ.

A few years earlier, fractal geometry was popular-
ized by the bestseller of its founder Benoit Mandelbrot
[39]. In 1967, using Richardson’s observations, Man-
delbrot had noted that a coastline’s length depends on
the resolution of the map, because irregularities repeat
themselves at every scale and such that magnifications
of details on the map are statistically indistinguishable
from larger parts [55]. Maps at different resolutions
are interchangeable. As a result, the length of a coast-
line is a power law of the scaleδ:

L ∼ δ−a (2)

Length has no meaning, since it depends on the scale
at which the coastline is observed; it even tends to
infinity for δ → 0.

Mandelbrot discovered that coastlines are an ex-
ample of a vast number of structures in Nature that
have no characteristic scale. He called these structures
fractals. Lightning, trees, mountains, clouds, lungs or
kidneys: instead of becoming smoother upon mag-
nification, the complexity, rugosity, fragmentation or
branching is constantly self-repeating. Classical, Eu-
clidean geometry is unable to describe these shapes
in an easy way, but fractal geometry can by noting
their inherent long-range order. Like for coastlines,
details are often indistinguishable from the whole or
from larger parts. It is this symmetry,self-similarity(in
other cases, e.g., deposits or mountains, self-affinity),
that allows us to solve physico-chemical problems on
or around fractals, just like the translational symmetry
of crystal lattices helps us to discover their properties.

Pfeifer and Avnir proposed that the pore walls of
many ‘amorphous’ materials are, like coastlines, sta-
tistically self-similar fractals, yet on a molecular scale
and in three dimensions [41,53,54]. With a remarkable
insight, Adamson [43] noted already in 1960 the pos-
sible similarity between molecular roughness of cata-
lyst surfaces and coastlines, and even noted, without
using the term, the self-similarity of coastlines. How-
ever, this observation was left unnoticed until Avnir

et al. rediscovered it [56], and it was the link with
fractal geometry that gave the impetus to modeling
surface roughness in a realistic way.

This is not the place to enter into the mathematical
theory of fractals, which is discussed in many articles
and books, such as [39,57]. Suffices to recall the mean-
ing of fractal dimensionD, which expresses the space
filling capacity of a fractal. While Euclidean shapes
have integer dimensions, e.g., 1 for a line, 2 for a sur-
face and 3 for a volume, the dimension of a coastline
can be any real number between 1 and 2. A catalyst
surface can have any dimension between 2 and 3, both
limits included. The dimension can never be larger
than that of the space in which the set resides, 3 for
catalyst surfaces, but it can be larger than the topolog-
ical dimension, 2 for a surface. A nonfractal surface,
like that of graphite, is two-dimensional. A self-similar
fractal surface has an infinite area yet a zero volume:
its dimensionD lies between 2 and 3. Some fractal
surfaces, such as those of certain gels, are so convo-
luted that they actually fill part of the available vol-
ume and their surface is three-dimensional (D = 3).
The adsorbed volume, and not the area, is then inde-
pendent of the molecular diameterδ. It is possible to
define fractionals-dimensional measures that discon-
tinuously drop from infinity to zero whens increases
from slightly below to slightly aboveD. Informally,
the numberN of units of sizeδ needed to cover a
fractal object decreases withδ as:

N ∼ δ−D (3)

Lengths are measured asNδ, areas asNδ2, so that, in
Eq. (2),a = D − 1 for coastlines, and in Eq. (1) for
fractal surfaces,a = D − 2:

S ∼ δ2−D (4)

A real object can only be self-similar (or otherwise
fractal) within a finite fractalscaling range, in between
the so-calledinner and outer cutoffs, δmin andδmax.

In Fig. 1, the same segment of a cross-section of a
fractal catalyst surface is shown twice, with a mono-
layer of adsorbed molecules. Small molecules, on the
left, can adsorb within fjords or indentations to which
large molecules, on the right, have no access. The
self-similar cascade of fjords leads to a power law of
the accessible areaS as a function ofδ.

Despite the measured power law behavior, addi-
tional experimental evidence is required to conclude
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Fig. 1. Adsorption on a fractally rough surface. Small molecules, on the left, have access to a higher surface area than large molecules,
on the right.

that a catalyst surface is fractal, because different
molecular conformations, changes in adsorption en-
ergy and other factors can also contribute to an
apparent change in surface area. Because the size
of the sorbate molecules is not easily varied over a
wide range, the method is insufficiently reliable to
test power law behavior against other functional de-
pendencies. It is usually impossible to determine the
cutoffs: the cascade of fjords is limited by, at least,
atomic dimensions on the one hand, and, e.g., by the
size of the pores between the aggregates on the other
hand.

To circumvent the disadvantages of the previous
method, another technique using information from the
complete adsorption isotherm of a single probe (typi-
cally nitrogen) was proposed by Neimark [58]. While
this method is easy and appears effective, it is indirect
and assumptions regarding the pore network topology
need to be made. This pleads for another experimental
method.

Small angle X-ray scattering (SAXS) [59,60],
known in catalysis as a method to determine particle
and sometimes pore size distributions, can be used
to study the fractal mass and surface morphology
of materials [61–63]. It has been used to investigate
the morphology of rocks [3,62,64], coal particles,
glasses [65,66], solid aerogels and aggregates in so-
lution [61,67–69]. We found it to be equally effective
to study the fractal surface morphology of industrial
catalysts. Correlations in the geometry of the surface
and the mass are derived from the evolution of the
measured scattered intensityI as a function of the
scattering angleθ . Results are shown as a function

of the projected wave vectorq = (4π/λ) sin(θ/2);
q is inversely proportional to the observation scale
and plays the role of the inverse of the diameter of
the molecules,δ, in the multiple probe adsorption
method. Fig. 2 shows SAXS and WAXS (wide-angle
scattering) results for a PtRe/Al2O3 catalyst used for
the catalytic reforming of naphtha, an application to
which we will come back in Section 5.2. By combin-
ing very small and small-angle scattering of intense
X-ray synchrotron radiation with wide-angle X-ray
scattering, the catalyst structure can be scanned on
scales going from less than 1 Å up to 50 nm. From
the straight slope in the log–log plot, the fractal di-
mension of the surface, hereD = 2.33, is derived,
and the leveling on both sides of the line yields the
cutoffs: an inner cutoff of about 3 Å, and an outer
cutoff of about 6–7 nm, the average pore diameter,
consistent with nitrogen adsorption results. Note that
heterogeneities in the chemical composition of the
catalyst may also influence the scattering. In general,
the intensity of the scattered radiation is propor-
tional to the sum of the products, for each phase, of
the volume fractions and the squared electron den-
sity deviations from the average. When the volume
fraction of one of the phases is much larger than
that of the other phases, such as is the case for the
alumina in a catalytic reforming catalyst, most of
the scattered intensity originates from that phase; in
the example shown in Fig. 2 only 7% of the scat-
tering can be attributed to the metal phase, so that
the presence of the latter does not appreciably influ-
ence the results to the extent that it would change
the general behavior or the slope of the log–log
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Fig. 2. Small-angle X-ray scattering (SAXS) and wide-angle X-ray scattering results for a PtRe/Al2O3 catalyst.

plot. However, effects from chemical heterogeneities
need to be considered for heterogeneous catalysts
with distinct strongly scattering phases, to ensure
that the measurements are representative for the in-
ternal surface geometry; in a supported metal cat-
alyst with a high fraction of metal, scattering from
the metal-support and metal-pore interfaces will be
stronger than from the (possibly fractal) support-pore
interface.

Using the same method as for the reforming cata-
lyst, a pureγ -alumina was also found to have a frac-
tal surface, while, for a Y-type faujasite, the expected
dimension 2 of a crystalline structure was recovered.
This method does not have the previous disadvantages,
at least if the chemical composition of the catalyst is
sufficiently homogeneous. The results are satisfying,
because they convincingly confirm the fractal surface
morphology by determining the fractal dimension of
the catalyst surface with high accuracy, as well as the
cutoffs of the scaling regime.

Further evidence comes from the way the catalysts
are prepared. The way a material is made reveals a
lot about its structure and it is in general a good idea
to test whether an investigated structure is generated
through a recursive mechanism before performing a
fractal scaling analysis, because recursion or iteration
of growth, aggregation, fragmentation or branching
is a natural pathway to fractals. Amorphous porous

catalysts and catalyst supports are made by a series of
steps that often starts with a sol–gel synthesis [44,70].

Growth and aggregation phenomena far from equi-
librium are known to lead to fractal or fractal-like
structures [40,71]. Fractal aggregates, such as the
common DLA (diffusion-limited aggregate) [72] and
CCAs (cluster-cluster aggregates) [73] grow through
recursive polymerization and polycondensation reac-
tions in a liquid or gas. During the sol–gel synthesis
of aluminas, silicas, zirconias and other materials
used in catalysis, such aggregates are formed quickly,
far from equilibrium. Computer simulations [1,73,74]
and experiments [1,67–69,75–77] provide plenty of
evidence for their fractal nature. However, they are
unstable and often rearrange already in solution to
denser structures with a fractal surface. At higher
concentrations of the sol, aggregates with a fractal
surface can also be formed directly [78].

This gives a first clue as to why catalyst particles,
consisting of aggregates of typically around 10 nm,
can have a fractal surface. Nevertheless, it is not ob-
vious that the formed fractal surface structure remains
essentially conserved throughout the drying and, espe-
cially, the calcination steps following the preparation
of the aggregates. Also impregnation to make mul-
tifunctional and composite catalysts or to deposit an
active component on to a porous support can change
the morphology. X-ray scattering, adsorption and other
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experimental methods to test the final structure are
therefore necessary. Together, they show the fractal
surface morphology of many industrial catalysts, such
as PtRe/Al2O3, in their final form.

3. Diffusion and reaction in fractal pores

3.1. The fractal pore model

Having demonstrated that a catalyst’s internal sur-
face is fractal, the geometry of the catalyst pores and
its influence on diffusion and reaction can be studied.
It has been recognized that the approximation of a
porous catalyst particle by a homogeneous contin-
uum is in general too coarse, because it neglects the
interconnections between the pores, i.e., thetopol-
ogy of the pore network. Using such methods as
percolation theory, the effective medium approxima-
tion, renormalization group theory and Monte-Carlo
simulations, diffusion and reaction in pore networks
has been studied in depth (for an excellent review,
see [9]).

Nevertheless, as mentioned in the previous section,
themorphology, i.e., the shape of the pores and of the
pore walls, is usually neglected; pores are generally
represented as simple bodies from Euclidean geome-
try, mostly cylinders, sometimes with spherical inter-
sections. The roughness, previously difficult to de-
scribe mathematically [79], can now be accounted for
in a realistic way, by replacing the straight, smooth,
cylindrical pore channels byfractal pores, which can
be tortuous and have a rough fractal surface.

Much of the research on diffusion and reaction in
porous catalysts with a fractal internal surface has fo-
cused on the derivation of general, qualitative scaling
laws expressing the power law dependency of certain
properties on the observation scale [1]. A more quan-
titative study of the influence of the fractal surface
morphology on diffusion and reaction was started by
Coppens and Froment, and is reviewed in what follows
[80–87]. Examples of models that assume the pore
network or the catalyst itself – not only the surface –
to be fractal were already cited in the introduction.

To separate the effects of the pore network topology
from those of the pore shape, first an individual pore
is studied in this section. Note also that despite the
fundamental importance of network models, in many

Fig. 3. Fractal pore model.

practical situations continuum models are sufficiently
accurate for most catalysts [15,88]. Notable exceptions
are networks close to a percolation threshold (e.g., due
to deactivation), when some reactions are extremely
rapid or when the molecules are of about the same
size as a substantial subset of the pores.

The basic equations of the fractal pore model are
now shortly reviewed and an example, the production
of vinyl acetate, is discussed. More details on this work
can be read in [80–82].

3.2. Basic equations and general solutions

Consider, in Fig. 3, a section of a fractal pore.
Such a pore has a fractal surface and is possibly tor-
tuous. The pore segment has an axial length1l. The
cross-section, perpendicular to the axis, has an area
�. A pore diameter may be defined asd = 2

√
�/π .

Just like Euclidean geometry is used to derive a for-
mula for the area of a cylinder, which isπd1l, fractal
geometry can be used to calculate the area1S acces-
sible to molecules in this fractal channel segment. The
latter depends on the diameterδ of the molecules: the
area increases by a factor proportional toδ′2−D. The
effective diameterδ of the molecules has been nor-
malized with respect to the outer cutoff of the fractal
scaling regime, i.e., the size of the largest fjords, hence
the prime (′) added toδ in this formula. From samples
investigated by SAXS experiments, it follows that the
outer cutoffδmax is almost the same as the pore dia-
meterd, although this need not be so in general.

In previous work [82], the symbolDs
ads was used

to stress thatD is in fact the fractal dimension of
the surface accessible to a molecule that adsorbs from
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within the pore space. The simplifiedD is used in this
paper.

For longer pores, the fractal surface roughness may
induce apore tortuosityleading to a shorter end-to-end
distance (the distance in ther-direction in Fig. 3) than
the distance along the pore axis (thel-direction), just
like for linear polymers, which are also fractal. If the
pore tortuosity is induced by the fractal surface rough-
ness, the fractal dimension of the pore axis isD − 1,
so thatl ∼ rD−1. In that case, the pore tortuosity is
(δ

p
max/δ

p

min)
D−2, in which δ

p
max andδ

p

min ≈ d are the
outer and the inner cutoff of the fractal scaling regime
for the pore axis.

Many heterogeneously catalyzed processes are dif-
fusion limited. It is well recognized that the pore ge-
ometry may influence the diffusivity. A variation in
pore cross-section� along the axial coordinate, e.g.,
affects themolecular diffusivity[89–91]. If the pore
is (fractally) tortuous, the gradient and flux in Fick’s
laws have to be considered with respect to the axis
[81]. However, ordinary molecular diffusion of gas
molecules is a result of intermolecular collisions and
is only slightly influenced by the surface morphology.

This is altogether different forKnudsen diffusion,
which is the dominant diffusion process when the fre-
quency of collisions of the molecules with the surface
is larger than or of the same order of magnitude as the
frequency of intermolecular collisions. This situation
frequently occurs in mesoporous catalysts under in-
dustrial operating conditions. In the Knudsen regime,
gas molecules move in a straight line from one point
on the accessible surface to another point. Since the
cascade of fjords restricts molecular motion in frac-
tal pores, Knudsen diffusivities are smaller than in
smooth pores. For very long smooth cylindrical pores
of diameterd, Knudsen derived the formula:

DK0 = 1

3
du (5)

in which u = √
8RgT/πM is the average molecu-

lar velocity [92]. He derived his formula using a mo-
mentum transfer approach, assuming the validity of
the kinetic theory of free gases with a Maxwell veloc-
ity distribution. The formula was extensively verified
through carefully carried out experiments in cylindri-
cal tubes with a circular cross-section. However, he
also proposed in his 1909 paper to extend the formula

to tubes of arbitrary cross-section with area� and
perimeterP :

DK = 4

3

�

P
u. (6)

This implies that the Knudsen diffusivity is inversely
proportional to the accessible surface area, Eq. (4), so
that for fractal pores:

DK = DK0(δ
′)2−D (7)

in whichDK0 is the Knudsen diffusivity in a smooth,
cylindrical pore [81].

One year after Knudsen’s pioneering publication,
Smoluchowski [93] derived from purely geometrical
arguments a more complex formula replacing Eq. (6).
He showed that the mean-field argument that led to
Eq. (6) can only hold for circles: in pores with differ-
ently shaped cross-sections, the accessibility along the
perimeter is nonuniform, leading to deviations from
Eq. (6). In particular, if for a fixed area� the perime-
ter P were infinite, Knudsen’s formula would predict
a zero diffusivity and flux, which is clearly incorrect.
This situation occurs for fractal pores, forδ → 0, so
that Eq. (7) can only be correct to a first approxima-
tion. A more accurate analytical formula will be de-
rived in Section 4 and discussed in the light of recent
Monte-Carlo simulations.

In the presence of asurface processsuch as reac-
tion or adsorption, the fractal surface roughness could
influence the effective reaction or adsorption rates if
significant concentration gradients develop in the di-
rection of the surface. Even within short cylindrical
pores and ink-bottle pores, such gradients may de-
velop [89,94,95]. The problem of molecular diffusion
toward a fractal interface and uniform reaction or ad-
sorption on that interface has been extensively stud-
ied in the literature, often employing the useful anal-
ogy with electrical conduction and a resistance at the
surface [19,20,29,96–98]. However, these studies can-
not be readily translated to mesoporous catalysts, be-
cause Knudsen diffusion and configurational effects
usually prevail within the fractal fjords along the sur-
face [80,87]. In general, except for very fast reactions
or when the partial pressure of a reactant is very low,
fractal roughness on molecular scales does not lead to
pronounced additional gradients in the direction of the
catalytic surface [80]. It should also be noted that the
surface may be far from uniformly active on the scale
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of the outer cutoff of the fractal scaling regime,δmax,
as in the important case of supported porous catalysts
[80]. In this paper, diffusivities that were calculated
in the absence of reactions will therefore be used in
reaction studies, although it should be mentioned that
on the scale of the smallest indentations along the sur-
face, approaching molecular sizes, configurational ef-
fects similar to those found in zeolites may become
important. This problem can only be seriously studied
using truly microscopic approaches, such as molec-
ular dynamics. The methods reviewed here are more
‘mesoscopic’ in nature, but reflect the major influence
of fractal roughness on diffusion and reaction in a way
suitable for engineering calculations.

Surface diffusionis clearly influenced by the sur-
face morphology. Another paper in this volume [99]
discusses this in more detail. Diffusion on a fractal
surface is anomalous: if a molecule is adsorbed for a
time ts , the variance of the molecule’s position scales
as 〈r2〉 ∼ (ts)

1/(D−1), on the condition that the sur-
face is chemically homogeneous and the distance in
free flight is smaller than the outer cutoff of the fractal
scaling regime, i.e.,

√
〈r2〉 < δmax. However, chem-

ical heterogeneities influence surface diffusion to an
important degree. Since surface diffusion is usually
activated, it is strongly temperature dependent. For
many industrial processes catalyzed by a mesoporous
catalyst, and using gases at higher temperatures and
not too high pressures, surface diffusion is less impor-
tant than Knudsen and molecular diffusion. Because
of this, surface diffusion is not further discussed in this
paper, yet the effect of fractal and other geometrical
heterogeneities is an important problem when these
conditions are not satisfied.

Experimentalreaction ratesare usually determined
per unit catalyst mass, preferably under conditions
where transport limitations are absent [100]. There-
fore, the surface morphology does not influence the
expressions to be used in a fractal model. However,
in order to design a new catalyst with the same reac-
tion rates per unit catalyst surface area or turnover fre-
quency, but a higher fractal dimensionD of theactive
phase, the reaction rates per unit catalyst mass should
be corrected by the corresponding increase in surface
area.

The previous observations enable the derivation of a
continuity equationfor diffusion andNr reactions of a
componentj in a reacting mixture ofM components:

−dNj

dl
=
(

Sl
N2

�Sm
N2

)
Nr∑
i=1

αij ri (8)

whereNj is the molar flux ofj , αij is the stoichiomet-
ric coefficient of thej th component in theith reaction
with reaction rateri , Sl

N2
is the specific area per unit

pore axial length accessible to a reference molecule,
chosen to be nitrogen, andSm

N2
is the area accessi-

ble to nitrogen per unit catalyst mass [81]. Any other
molecule could be chosen as a reference, sinceSl

N2
andSm

N2
scale in similar ways with the molecular di-

ameterδ, but nitrogen adsorption is commonly used
to measure a specific surface area, hence the choice.
For a fractal pore:

Sl
N2

≈ 2
√

π
√

�(δ′
N2

)2−D = πd(δ′
N2

)2−D (9)

Eq. (8) is very similar to a classical continuity equation
[100], yet there are three main differences: (1) the
equation only holds along the pore axis (l), so that a
pore tortuosity may have to be included to transform
the results to real (r) space; (2) the right hand side now
depends on the fractal dimensionD of the surface;
(3) the derivative on the left-hand side is actually an
approximation for1Nj/1l, for 1l = δmax. The latter
is usually allowed, under a broad range of conditions;
for a single reaction, the Thiele modulus of the pore,
to be defined later, should satisfyφp � l/δmax, in
which l is the pore length [81,82].

The fluxes and partial pressure gradients of the
M components are related to each other through
the Stefan–Maxwell equations for multicomponent
diffusion:

dpj

dl
=−RgT

100




M∑
k=1
k 6=j

(
pk−pjNk/Nj

ptDjk

)
+ 1

DKj (δj )


Nj

(10)

where the ideal gas law was used, fluxes are in
kmol/m2 s and partial pressures are in bar,Djk are
the morphology independent binary diffusivities and
DKj the fractal morphology dependent Knudsen dif-
fusivities [100–103].

TheM continuity andM flux equations need to be
solved simultaneously. Solutions for a first-order re-
action are provided in [81]. The problem for a gen-
eral single reaction is solved in [82], where a general-
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ized Thiele modulus for a fractal pore is introduced,
similar to the generalized modulus for catalyst pellets
[100,104]:

φp=lrA(ppp0)

√√√√ RgT Sl
N2

200�DAmSm
N2

∫ pAe

pA0
rA(pA) dpA

. (11)

Here, DAm is the effective diffusivity of the ref-
erence component A in the mixture andppp0 =
(pA0, . . . , pM0). The modulus is defined by requiring
that the effectiveness factorηp be the inverse ofφp for
strong diffusional limitations (φp → ∞), similar to
[104]. Under reaction limited conditions,ηp = 1. For
intermediate conditions,ηp ≈ (tanhφp)/φp, where
the approximation is exact for a first-order reaction
in a dead-end pore. The Thiele modulus and the right
hand side of Eq. (8) depend on the fractal roughness,
mostly viaSl

N2
and, in the Knudsen diffusion limited

regime, via the diffusivities, which also indirectly in-
fluence the integral of the reaction rate in the denom-
inator. The latter dependence varies from component
to component, so that it is generally impossible to
construct an equivalent, smooth cylindrical pore that
leads to the same partial pressure and flux profiles
as those obtained for a fractal pore. The predicted
conversions and selectivities will always differ.

3.3. Example: production of vinyl acetate

Fractal surface morphology effects, without refer-
ence to the pore network topology, are illustrated in the
following example taken from [82]: the production of
vinyl acetate (VAc) from ethylene, oxygen and acetic
acid under industrial operating conditions (p = 8 bar,
T = 448 K) in a 6 nm pore of the 1.0 wt.% Pd/Al2O3
catalyst which is used for this process. The surface of
the mesopores is fractal with a fractal dimension of
2.79. The specific area measured by nitrogen isSm

N2
=

192 m2/g cat. Only the main reaction:

C2H4+1
2O2+CH3COOH→ C2H3OOCCH3+H2O

(12)

is considered in this example; the CO2 producing side
reactions are neglected. Kinetics were taken from
[105]. More details are provided in [82]. A compar-
ison is made between the fractal pore and a smooth
pore of the same lengthl and diameter, assuming the

same catalyst area per unit mass measured by nitro-
gen,Sm

N2
, and the same kinetics on a mass basis, since

these are commonly determined.
The diffusivities in a fractal pore are smaller than

in a smooth pore, because Knudsen diffusion plays
an important role in the total molecular transport. In
a smooth pore, the average diffusivity of oxygen is
D = 8.73 × 10−7 m2/s; for vinyl acetate, it isD =
4.79× 10−7 m2/s. In the fractal pore, the average dif-
fusivity of oxygen,D = 1.21× 10−7 m2/s, is larger
than that of vinyl acetate,D = 0.98× 10−7 m2/s, just
like in a smooth pore, because lighter molecules move
more easily than heavy ones. However, the surface
roughness leads to a more pronounced decrease in dif-
fusivity for oxygen (factor 7.2) than for vinyl acetate
(factor 4.9), because oxygen molecules can enter nar-
rower fjords than the larger vinyl acetate molecules.
Therefore, they are more hindered in their movement
than vinyl acetate molecules, so that the ratio of dif-
fusivities is closer to 1 in a fractal pore (1.23) than in
a smooth pore (1.82). In summary, Knudsen diffusiv-
ities of different molecules decrease as a result of the
fractal morphology and they are closer to each other
than if the surface were smooth.

Fig. 4 shows the ratiof of the production of vinyl
acetate (VAc) in a fractal pore versus the one in a
smooth pore, as a function of the lengthl of the com-
pared pores. There are no diffusion limitations in short
pores: molecules reach the active centers easily, so
that f equals the ratio of the surface areas accessi-
ble to nitrogen per unit pore length (Sl

N2
), in this case

more than 7. In longer pores, the molecular supply is
more difficult so that the reaction is diffusion limited.
Because the diffusivities in a fractal pore are smaller
than in a smooth pore, the reacted quantities become
the same over large distances, and the effective reac-
tion rate in a fractal pore can even fall below the rate
in a smooth pore.

Comparing the partial pressure of VAc at the dead
end of a fractal and a smooth pore of the same length
shows that the pressure in the fractal pore is higher
for short pores, but lower for long ones. In short pores
less vinyl acetate is formed when the pore walls are
smooth, and the products diffuse away more easily, so
that the partial pressure of VAc at the end is low. In
somewhat longer pores diffusion limitations take over,
so that the partial pressure of VAc that cannot leave
the pore increases in a fractal pore before it starts to
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Fig. 4. Ratiof of the vinyl acetate production in a fractal versus a smooth pore, as a function of the pore lengthl (mm).

significantly increase in a smooth pore. For even
longer pores the conversion of the reactants is com-
plete, so that the partial pressure of the product VAc
reaches a plateau value that is lower in a fractal pore,
because the diffusivities of VAc and the lighter reac-
tants are closer to each other than in a smooth pore.
It is impossible to construct an equivalent cylindri-
cal pore that would lead to the same conversion and
partial pressures as a real fractal pore. Graphs and a
comparison in terms of a generalized Thiele modulus
are given in [82].

4. Effect of surface roughness on Knudsen
diffusion

4.1. Fractal perturbation model

The next step is to investigate a complete catalyst
particle, which contains a network of fractal pores.
One approach is to connect the fractal pores discussed
in the previous paragraph into a network that can
in principle be reconstructed based on information
from nitrogen adsorption, desorption and mercury
porosimetry. This is far from trivial, however, and for
many catalysts it is useful to model a porous catalyst
particle with a fractal internal surface by superimpos-
ing fractal rugosity on top of the surface of a particle
with a smooth internal surface. This is illustrated in
Fig. 5. The smooth and the rough particles have the
same pore network topology. A PtRe/Al2O3 reform-

Fig. 5. Fractal perturbation model for porous catalysts. (a)
non-perturbed packing of spheres; (b) aggregates formed by frac-
tally perturbing (a).

ing catalyst, e.g., consists of compressed alumina
aggregates, so that the displayed packing of spheres
plus a fractal roughness is a good model.

Such a model allows to simplify the calculation
of diffusivities by separating the effect of the fractal
roughness, a new problem, from the calculation of dif-
fusivities through a packing of overlapping spheres, a
problem for which many solutions exist and which can
be studied experimentally [106]. Fractal effects will
now be studied in more detail for Knudsen diffusion,
since it is expected from the nature of the phenomenon
that roughness influences it.

4.2. Background on Knudsen diffusion in porous
media

Knudsen diffusion in a porous medium remains a
difficult, not well understood problem. As mentioned



M.-O. Coppens / Catalysis Today 53 (1999) 225–243 235

earlier, Knudsen [92] made certain assumptions to de-
rive Eqs. (5) and (6) that may not be valid. It is impor-
tant to review those assumptions to study the complex
problem of Knudsen diffusion in a porous material
with a fractal internal surface.

Apart from the limitations of a mean-field ap-
proximation, only valid for isotropic problems, other
problems persist. The velocity distribution is not
Maxwellian due to the influence of the pore walls
[93]. The axial velocity through a pore channel is
not uniform, but depends on the distance from the
wall; a similar distribution will be present in porous
media [93,102]. Both problems are avoided using a
geometrical approach, as favored by many authors.

Finite size effects influence the Knudsen diffusiv-
ity. In 1932, Clausing derived a formula for the diffu-
sivity as a function of the channel length [107]. His
approach is remarkably modern and transparent: the
diffusivity is found from the transmission probability,
which is calculated by solving a set of integral equa-
tions for the transmission and exit probabilities. The
basis for his approach has often been used in much
later years, not in the least because it is very use-
ful in Monte-Carlo simulations, where the trajecto-
ries of molecules through a void space are followed
to calculate the transmission probability [45–47,108].
Through a variational approach, Strieder derived a rig-
orous upper bound for the Knudsen and molecular dif-
fusivity in a general porous medium, based on Claus-
ing’s integral equations [109–111]. Pore constrictions
and the cross-sectional shape influence Knudsen dif-
fusion [93,108,112–115].

The effect of surface irregularity has not been stud-
ied systematically, although it would already appear
from the mentioned studies that it is important. Shal-
low roughness, on scales much smaller than the scale
of the interstices or pores, was not found to play a
major role [116,117], but fractal surface roughness in
mesoporous materials may induce major perturbations
on scales typically up to the size of the pores them-
selves. A description in terms of an average effective
pore diameter gives useful first-order results: Eq. (5),
e.g., was found to apply reasonably well to stacks of
spheres [8,52]. However, the introduction of such an
average implies a mean-field approach; the surface of
spheres is concave, so that successive collisions are
with different spheres. This is not the case with a con-
vex, self-similar surface. A molecule may enter an

indentation or fjord along the surface, collide with its
walls, then move on to another point within the same
fjord or move into a deeper fjord. It is possible for
a molecule to make multiple wall collisions within a
tree of fjords along the surface, before reappearing in
the main pore space.

It is intuitively clear that the residence time of a
molecule is on average higher in a tube or porous
medium with a fractally rough surface than in the
smooth, non-perturbed medium (in the language of the
model presented above), since the trajectories of the
molecules become more tortuous. For a fixed r.m.s. or
end-to-end distance

√
〈r2〉, the Knudsen diffusivity is

inversely proportional to the average lengthl of the
trajectories, due to Einstein’s definition for the diffu-
sivity. Therefore,

DK

DK0
= l0

l
, (13)

where the index 0 refers to the smooth, non-perturbed
medium. Note that it is less obvious that the net flux
through a tube is modified when the average ‘effec-
tive’ diameter, defined byd = 2

√
�/π , is the same

for fractally rough and smooth channels. Diffusivities
measured using stationary and transient techniques can
differ for porous media with dead-end and ink bottle
pores, because there is no net flow through the latter,
yet the average residence time and its variance are in-
creased. A comparison of self and transport diffusivi-
ties in porous media will be the subject of a forthcom-
ing paper [118].

It has been correctly assumed by Knudsen [92] that
the reflections on the surface are diffuse. Molecules
colliding with the surface leave it in a direction inde-
pendent of the direction of incidence and following
Lambert’s cosine law, similar to diffuse light scatter-
ing. Surface roughness is frequently stated as a reason
for this, but it has been shown by Clausing that this is
not necessary to explain the cosine law, which is much
more fundamental in nature and can be explained from
the principles of microscopic reversibility and the
second law of thermodynamics alone [112,119,120].
A condition is that the surface is isotropic and that
the molecules adsorb for a sufficiently long time
on the surface so that their translational energy is
redistributed over all the degrees of freedom.

It is clear that a true detailed analysis of this problem
should involve the interactions between gas molecules
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and the surface atoms; this can be done by molecular
dynamics [121]. It would be useful to apply molecular
dynamics and grand canonical ensemble Monte-Carlo
studies to fractally rough particles as well. Here the
mesoscopic geometrical approach introduced by the
author and which uses Eq. (13) is shortly reviewed
[83,84].

4.3. Influence of fractal roughness on Knudsen
diffusion

The Knudsen diffusivities in a porous medium with
a fractal surface are smaller when the accessible sur-
face area with which the molecules collide is larger:
smaller molecules are more severely hindered by the
fractal roughness than larger ones. But the inverse
proportionality of the Knudsen diffusivities with re-
spect to the geometrically accessible area, Eq. (7), only
holds to a first approximation, since it is a mean-field
result that assumes the surface to beuniformlyacces-
sible. This is clearly not the case for a fractal surface:
some points on the rough surface are directly accessi-
ble, because they protrude into the pore space, while
other points can only be reached after crossing several
fjords and after multiple collisions. This nonuniform
accessibility of the surface can also be accounted for.

In order to calculate the Knudsen diffusivity using
Eq. (13), the first passage timet needed for a molecule
to cross part of the catalyst pore space is compared
with the shorter timet0 needed to cross only the part
that would be there if the surface were smooth. Only a
single parameter additional to the fractal dimension of
the surface is needed to calculate the ratio of the Knud-
sen diffusivities. This parameterp0 is the probability
for a molecule to leave a fjord, once it is in it. The
problem can be analytically solved for a statistically
self-similar surface by making use of the observation
that a fjord tree bordering a given fjord with which a
molecule collides has a similar structure to the larger
tree including the fjord plus its sub-trees [83,84].

This leads to a Volterra integral equation of the sec-
ond kind for the trajectory length or time spent in the
fjord tree. After summing the distances spent by a
molecule in the non-perturbed pore space and in the
fractal fjord trees bordering it, use of Eq. (13) leads to
the following practical, simple to use expression for
the Knudsen diffusivity:

DK(δ′)
DK0

= 1

1 + α
[
1 − (δ′)β

] , (14)

in which:

α = (2 − DC)(1 + 1/p0)f

1 + (2 − DC)(1 − 1/p0)

and β = 1 + (2 − DC)

(
1 − 1

p0

)
, (15)

and f ≈ 0.5 for δmax = d. The parameterDC is
explained in [83,84] and is found from:

DC = 2logγ

log(1 + γ )
with D = 2log((1/p0) + γ )

log(1 + γ )
.

(16)

Knudsen diffusion in packings of spheres or cylin-
ders has been studied extensively, so thatDK0 in the
smooth medium is known, and the Knudsen diffusiv-
ity of the real medium can be calculated immediately.

The effect of the fractal surface roughness on the
Knudsen diffusivity,DK/DK0, is shown in Fig. 6 for
δ′ = 0.1 as a function of the fractal dimension of
the surface,D = Ds

ads, and the return probability for
a fjord, p0, which needs to be smaller than a cer-
tain value that depends on the fractal dimension. The
smaller the effective diameter of a molecule,δ′, the
lower its Knudsen diffusivity.

For not too extreme values of the return probabil-
ity p0, the most important parameter is the fractal di-
mension. If the fractal dimension is equal to 2 (e.g.,
for a smooth surface), then the ratioDK/DK0 is, by
definition, 1. But for increasing fractal dimension, the
Knudsen diffusivity decreases. There is a small maxi-
mum as a function ofp0. This is a consequence of the
fact that an increase inp0 increases both the proba-
bility to leave a fjord and the probability to enter it.

It is also interesting to look at the results for a par-
ticular surface with a certain fractal dimension, e.g.,
D = 2.2. Fig. 7 shows the normalized Knudsen dif-
fusivity as a function of the normalized diameterδ′ of
a molecule;δ′ lies between a maximum value, which
is 1 after normalization, and a strictly positive mini-
mum value, although the plot was extended down to
δ′ = 0. The smaller a molecule is, the stronger the lim-
itations imposed by the fractal roughness. The curves
show results for different values of the return proba-
bility p0. For extremely lowp0 the values are small,
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Fig. 6. Knudsen diffusivity of a molecule of a size 10 times smaller than the outer cutoff of the fractal scaling regime (δ′ = 0.1), normalized
with respect to the diffusivity in a porous medium of the same topology, but with a smooth surface,DK/DK0.

Fig. 7. Normalized Knudsen diffusivity,DK/DK0, as a function of the normalized molecular diameter,δ′ for a porous medium whose
surface has a fractal dimensionD = 2.2. Full lines: from top to bottom,p0 = 0.1, 0.2, 10−5, 0.4, 0.6 and 0.791 (p0,max). Dotted line:
mean-field result.
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Fig. 8. Log–log histogram of the trajectory lengths for Knudsen
diffusion in a Koch surface bordering a pore.

but for more realistic values the influence ofp0 is less
pronounced. The dotted line shows results which do
not account for the nonuniformity of the accessibility
distribution, i.e. , the mean-field equation Eq. (7).

Sapoval performed two-dimensional simulations
[117] that showed no appreciable influence of frac-
tal surface roughness on the Knudsen diffusivity, but
these were done in channels with an outer cutoff
much smaller than the channel diameter. The above
equations can be adapted to this situation, showing
that the effects are indeed minor in that case.

Monte-Carlo simulations of diffusion in a pore with
a deterministic fractal surface, namely a Koch surface,
can reveal the origin for the decrease in diffusivity
[87]. Fig. 8 shows a log–log histogram of the trajectory
lengths of the molecules within a fractal fjord cascade.
The length is normalized with respect to the average
trajectory length. Within the fractal scaling regime for
the surface, a power law is found. A large number of
molecules does not enter into the cascade of fjords,
as was also found by [117]. The largest fraction of
molecules has a trajectory length which is smaller than
the average length, but, apparently, the diffusion is
dominated by the other molecules, smaller in number,
which are trapped inside fjords and hence cover much
longer distances.

If the same histogram is plotted on a semi-log scale,
a long straight tail is found for long trajectories: the
distribution is exponentially decreasing in this limit,
because of the finite inner cutoff of the fractal scal-
ing regime or because molecules cannot enter fjords
smaller than themselves.

Both the analytical calculations and the Monte-Carlo
simulations show that the fractal surface roughness
increases the trajectory lengths and decreases the
diffusivity, and that this decrease is a result of a rel-
atively infrequent number of very long paths. Such
so-called power-law or Lévy statistics are typical for
processes on and around fractals.

5. Reactor simulations and catalyst design

5.1. Basic equations

As discussed in Section 3.1, the equations for dif-
fusion and reaction in a catalyst particle with a fractal
internal surface are not different from those for clas-
sical particles, if the outer cutoff of the scaling regime
is much smaller than the size of the particles, which
is usually the case (δmax is related to the aggregate or
pore sizes). In the present model, all the information
about the influence of the fractal morphology is con-
densed in the modified expressions for the Knudsen
diffusivity and in the reaction rate equations. Other
parameters remain essentially constant. If the surface
morphology of the porous catalyst is changed and the
intrinsic kineticsri (in the absence of diffusion) of a
reactioni catalyzed by sites on that surface are known
on a mass basis,ri should be corrected for changes
in accessible surface area. An example is an isomer-
ization reaction on the alumina surface of a catalytic
reforming catalyst. If, on the other hand, reactioni

occurs on a nonfractal surface, and a change in fractal
dimension of the fractal support is investigated at con-
stant loading of the active phase fori, the reaction rate
need not be changed. An example is a hydrogenoly-
sis reaction on the Pt surface of a catalytic reforming
catalyst – the platinum nanoparticles do not have a
fractal surface.

For the example discussed below, a continuum
model can be used at scales superior to the size of the
mesopores. There may be additional heterogeneities
at larger scales, but these pertain to the pore network
and are contained within the value of the network
tortuosity [122,123]. The derivation of the general
equations and their solution method are discussed in
[85] (see also [89]). Only the principle equations and
methodology are given here.
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The reactor equations are those of basic chemical
reactor engineering: for a fixed bed reactor they in-
cludeM continuity equations for each of theM com-
ponents, an energy equation and a pressure drop equa-
tion [100]. At each location in the reactor where the
conditions change, the effective reaction rates have to
be recalculated. They may differ from the intrinsic re-
action rates due to transport limitations. Intraparticle
diffusion limitations are accounted for by solving the
set of M continuity equations for multi-component
diffusion and reaction in a catalyst pellet:

−(∇K)(K−1∇ppp) + ∇2ppp + 10−2ρsRgTKRRR = 0

(17)

in which (∇K)(K−1∇ppp) is short for
∑3

i=1(∂K/∂xi)

K−1(∂ppp/∂xxxi) in an orthonormal coordinate sys-
tem (x1, x2, x3). The non-diagonal elements of the
Stefan–Maxwell matrixK are given by:

Kjk = − pj

ptDe,jk

= − pj

D′
e,jk

, k 6= j (18)

and the diagonal elements are:

Kjj = 1

De,Kj

+
M∑

k=1
k 6=j

pk

ptDe,jk

= 1

De,Kj

+
M∑

k=1
k 6=j

pk

D′
e,jk

(19)

in whichDe,Kj are the effective Knudsen diffusivities
and:

D′
e,jk = ptDe,jk (20)

are the products of the total pressure and the binary
molecular diffusivities. For not too high pressures,
these products are pressure independent. The deriva-
tion of these general equations is discussed in [85].
The effective diffusivities are calculated using the per-
turbation model discussed in the previous section. The
non-fractal contributions follow from an appropriate
smooth model for the catalyst, e.g., a packing of over-
lapping or non-overlapping spheres.

Solving Eq. (17) for isothermal catalyst pellets with
the bulk temperature, partial and total pressures as
boundary conditions yields the partial pressure pro-
files within the pellets and the effective reaction rates,
which can then be substituted into the reactor equa-
tions at that point. For a fixed bed reactor modeled us-
ing a one-dimensional heterogeneous plug flow model,

for example, the set ofM + 2 reactor equations is
solved by moving step by step along the axis, typically
using a method that can handle both stiff and non-stiff
differential equations. At each step, the effective re-
action rates are evaluated by integrating the set ofM

catalyst particle equations, typically using orthogonal
collocation [85,124–127].

5.2. Example: catalytic reforming of naphtha

Using the previous method, this example illustrates
the results for an important refinery process that uti-
lizes a porous catalyst with a fractal internal surface:
the catalytic reforming of naphtha, used to increase the
octane number of gasoline and to produce benzene,
toluene and xylenes.

The simulated industrial unit consists of four adi-
abatic reactors with a fixed bed of catalyst. Naphtha
is fed into the first reactor, together with a recycle
of flashed off light products, especially hydrogen, to
limit coking. Most reactions are endothermal, so that
the reaction mixture is heated before entering each re-
actor. The reformed naphtha is sent to a stabilisation
column. Details on the unit and the operating condi-
tions are provided in [85,86].

The goal of the process is to increase the aromat-
ics content and to increase the fraction of branched
iso-paraffins, starting from naphthenes andn-paraffins,
which increases the octane number. A lot of hydro-
gen is formed. The reaction network of this process
and its kinetics are very complex and were derived
by Froment and co-workers [128–133]. It consists of
86 reactions between 28 hydrocarbon lumps and hy-
drogen gas. The components within each lump or
group are in mutual equilibrium. The nonlinear re-
action rate equations with their parameters were de-
termined for each reaction. The hydrocarbons have
1 to 11 carbon atoms. Normal and single branched
iso-paraffins can isomerize with formation of more
strongly branched iso-paraffins. Paraffins can dehy-
drocyclize to form naphthenes, which can isomerize
by ring expansion. Naphthenes are further converted
into aromatics. Finally, undesired hydrocracking and
hydrogenolysis convert part of the products into light
paraffins.

A mesoporous PtRe/Al2O3 catalyst is used. Hydro-
genations and dehydrogenations are catalyzed by
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active centers on the metal crystallites, which are not
fractal, but the active centers for isomerization reac-
tions are acid centers on the alumina surface, which
is fractal with a fractal dimension of about 2.3, as
known from the previously discussed SAXS experi-
ments (Fig. 2 in Section 2). The catalyst is described
as a packing of overlapping fractally rough spheres;
in between those spheres lies the pore space.

Several of these reactions are strongly diffusion lim-
ited and the equations and method discussed earlier in
this section were programmed to perform catalyst par-
ticle and reactor simulations, so as to obtain the partial
pressure profiles within the catalyst particles at any
height in the reactors, as well as the temperature, to-
tal and partial pressure profiles of all the components
throughout the unit.

It was first shown in [85] that the incorrect assump-
tion of a smooth alumina surface leads to different
results from those obtained if the surface is correctly
taken to be fractal. In [86], simulations were performed
at the same typical industrial operating conditions, but
with an alumina with a fractal dimensionD chang-
ing between 2 and 3. In other words, the question was
raised what the influence from purely geometrical fac-
tors would be if the fractal surface morphology of the
alumina were changed in a new catalyst design, which
can be done by modifying the preparation conditions
during the sol–gel synthesis.

The simulations showed that the partial pressure
profiles were very different both within the catalyst
pellets and within the reactors. Figures and a discus-
sion of the results can be found in [86]. Here, it suffices
to show and discuss a few summarizing results at the
outlet of the industrial unit. In Fig. 9, the yields of two
important product groups – aromatics and iso-paraffins
– are plotted as a function of the fractal dimension of
the alumina surface,D = Ds

ads. Lumping components
into main product groups is done only after detailed
simulations considering all 29 components.

The aromatics yield increases withD, since it is a
main product of the process and the available surface
area for several reactions that finally lead to aromatics
increases withD. At the same time, the iso-paraffin
yield decreases: at higherD more iso-paraffins are
formed from normal paraffins, but this mainly occurs
in the first one of the four reactors. After that, much of
the iso-paraffins is further converted into naphthenes
and finally to aromatics, leading to a decrease of the

Fig. 9. Aromatics, iso-and normal-paraffin yields at the outlet of an
industrial unit for the catalytic reforming of naphtha, as a function
of the fractal dimension of the PtRe/Al2O3 catalyst.

Fig. 10. Hydrogen yield at the outlet of an industrial unit for
the catalytic reforming of naphtha, as a function of the fractal
dimension of the PtRe/Al2O3 catalyst.

yield with D, because of the increased rate of the
naphthene producing reactions.

Dehydrocyclization reactions and reactions that
form aromatics from naphthenes produce hydrogen.
This should lead to an increase of the hydrogen yield
with fractal dimensionD. However, as seen in Fig.
10, the hydrogen yield goes through a maximum.
This is because several reactions are strongly diffu-
sion limited. Hydrogen being the smallest molecule,
it is relatively more restricted in its movement than
the larger hydrocarbon molecules at higher fractal
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dimensions of the surface. The molecules are trapped
in small fjords, leading to enhanced hydrogenolysis
and hydrocracking side reactions that convert the
precious reaction products to light gases. Beyond the
maximum aroundD = 2.6, hydrocracking becomes
too significant. As a result, the increase in aromatics in
Fig. 9 is smallest at high fractal dimensions, because
part of the aromatics is consumed by the undesired
hydrocracking and hydrogenolysis reactions, which
become more and more important when the surface
is rougher. The yield of iso-paraffins, another desired
product, drops in an almost linear way with increasing
fractal dimension, from 23% on a smooth surface to
about half this value on an extremely rough surface.

There is not only a significant effect of the fractal
morphology of the catalyst surface on the product dis-
tributions, even at the exit of an industrial unit, but a
change in the fractal morphology by changing the cat-
alyst preparation conditions has a significant impact
on the process: pushing the fractal dimension form the
present 2.3 up to 2.6, would produce a gasoline with
more aromatics and a higher octane number, without
too many side reactions. If the aromatics content has
to remain low for environmental reasons then 2.3, with
a high iso-paraffins content, is a good compromise.

One of the most important results is undoubtedly the
effect of the fractal dimension of the alumina surface
on the octane number of the produced gasoline. Fig. 11
shows a continuous increase of this index with increas-
ing fractal dimension, because of the larger aromatics

Fig. 11. Octane number of the produced gasoline, as a function
of the fractal dimension of the PtRe/Al2O3 catalyst.

yield. The increase is less important for larger fractal
dimensions, because of enhanced cracking, leading to
undesired light products, so that there is an optimum.

Hegedus and Pereira stress the immense opportu-
nities offered by a rational catalyst design [134]. The
present example illustrates that purely geometrical
changes, even on a microscopic scale, can indeed
have drastic effects on the global process.

6. Conclusions

Adsorption experiments suggested that the internal
surface of many porous materials is fractal. SAXS
experiments, presented in this paper, confirm this
convincingly for several industrial ‘amorphous’ cata-
lysts and catalyst supports. By combining SAXS and
WAXS, it is possible to bracket the fractal scaling
regime and to accurately estimate the fractal dimen-
sion of the catalyst surface. The fractal surface geom-
etry is a result of the way in which these catalysts are
prepared.

Using fractal geometry, the effects of roughness on
diffusivities and reaction rates, and therefore also on
conversions and product distributions, can be calcu-
lated. Reactions of the molecules on active sites on the
surface that catalyze these reactions are often diffusion
limited. Formulas that account for the fractal rough-
ness of the pore walls are reviewed first for individual
pore channels, then for complete catalyst particles.

Fractal effects prove to be significant and are felt
not only on the scale of an individual catalyst pore or
a single catalyst particle, but down to the outlet of an
industrial reactor. This is illustrated for the production
of vinyl acetate and the catalytic reforming of naph-
tha. Fractal geometry can therefore be a useful tool to
optimize heterogeneously catalyzed processes.
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